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Abstract-we give explicitly the recurrence coefficients in the three term recurrence relation of 
some generalized Jacobi polynomials defined by the positive weight p(q OL + p;s,p) = /z[-fi(l - 
x2)*(1 - z)* on [-1, +l]. The case p = 0 can be found in Chihara’s book. The case p = 1 is treated 
by the first author, and we consider here the cases p = 2,3,4. These recurrence coefficients can be 
used to prove that their corresponding polynomials are random walk and then are of interest in birth 
and death process [1,2]; for instance, the cases p = I,2 are treated. @ 2003 Elsevier Science Ltd. 
All rights reserved. 
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1. INTRODUCTION 
Many authors [3-7] have studied semiclassical orthogonal polynomials of class s = 1, but from 
the nonlinearity of the system fulfilled by these recurrence coefficients, called Laguerre-Freud 
equations [6,7], only a few recurrence coefficients are explicitly known. 
Recently, in [3], the first author gave explicitly the recurrence coefficients of a generalized 
Jacobi family. The extension considered in this work gives the recurrence coefficients of the 
manic polynomials Pp@+‘) (2; II) orthogonal with respect to 
p(a,cY +p;z,p) = 1X1-p (1 - 52)” (1 - z)P, p < 1, cy > -1, p positive integer. 
These generalized Jacobi weights p(cw, Q + p; IC, p) are, of course, polynomial modification of 
the generalized Gegenbauer weight when p is a positive integer and therefore an explicit repre- 
sentation of the corresponding polynomials are given by a determinant [8]. But the elements in 
this Christoffel determinant ask to compute the values of the (p - 1) derivatives of generalized 
Gegenbauer polynomial at z = +l, and do not give directly explicit representation of the recur- 
rence coefficients as function of n. This is possible here, using the Laguerre-Freud equations that 
we are able to solve in the cases p = 1,2,3,4. 
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The terminology and notation used here are the same as those in [3]. 
2. PROBLEM SETTING 
We are looking for properties of some class of manic generalized Jacobi polynomials pp@‘p) x 
(IC; p) which are orthogonal on [-I, +l] with respect to the positive weight 
p(cu,cr +p;z,p) = ]z]-P (1 - Zz)a (1 - Z)P, I-L < 1, cy > -1, p = 2,3,4, 
The logarithmic derivative of this weight generates the following Pearson equation: 
((~3-~)~(~,~++p;~,~))‘+((~-2~-p-3)~2-p~+1-~)p(cr,a+p;~,~)=O. (2.1) 
We are mainly interested to give explicitly the recurrence coefficients pn, ~~+r, n. > 0 for 
p = 2,3,4 in the recurrence relation 
PO(Z) = 1, Pl(X:) = Z-Do, 
Pn+z(~) = (x - Pn+l)Pn+l(~) - ^ln+lPr&), n. L 0, (2.2) 
( 
p,(x) := i)p,a+q2; p)) , 
extending results given in [3] for p = 1. 
Properties of the Moments A&(p), n 2 0 
The moments M,.,(p) defined as usual by 
s 
+1 
Mn(p) = da> a + P; 2, CLW’ dx 
-1 
satisfy the following recurrence: 
72 1 0, (2.3) 
obtained by integration of the weight, times the expansion of ~~~+‘(l + x)p. 
(2) 
(n + 2o + P + 3 - CL)M~+Z(P) = -PM,+I(P) + (n + 1 - P)M,(P), n 1 0. (2.4) 
This three term recurrence relation is easily obtained from the Pearson equation in three steps: 
multiplication by ~7, integration on [-I, +l], and integration by part of the derivative term 
taking into account the boundary conditions 
[(x3 - x) P(Q, Q + P; 2, Lw] ‘: = 0, for all n 2 0. 
The three term relation (1.4) was met in a previous paper [5] solving another problem involving 
initial conditions M,-,(p), Ml(p) different from here. 
Computation of the Moments MO(P), Ml(p) 
Let us normalize the weight such that M,-,(p) = 1; in that way ,& is equal to Ml(p) and the 
normalizing factor c is given from 
s 
+1 
C jc~1-~ (1 - x~)~ (1 - z)pda: = MO(p) = 1. 
-1 
Considering the cases p = 2m and p = 2m + 1 separately and expanding (1 - x)P, we obtain 
1 
’ = E(P/~) 
co 
z”k B((2k + 1 - /d)/2, a + 1) ’ 
k=O 
where E(z) is the integer part of x and B(p, q) = so1 xp-‘(1 -x)q-’ da: is the Euler Beta function. 
Determination of fro 
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In both cases p even or odd, Ml(p) = ,Oc is obtained in the same way as 
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p 
0 
= _Ec(y (,,p l)wh + l- Pu)/%~+ 1) 
EW’4 
+> 
;k B((2k + 1 - /J)/2, cr + 1) 
k=O
3. LAGUERRE-FREUD EQUATIONS 
(2.5) 
The Laguerre-Freud (L-F) equations giving recursively the recurrence coefficients for semiclas- 
sical orthogonal polynomial of class one are [6, p. 2721 
(9 
n-1 n-1 
ca2 - 2nc3)(% + %+l) = 4c3 CYk +2~(+L@@k)- $'(&I), n 2 2, 
k=l k=O 
with the initial conditions 
la2 - 2C3)(yl + “12) = 2(Bp,4)(po) - $(pi), 
WY1 = -$(Po), 
and 
(ii) 
(a2 - (2n + 1)~3)7~+A+~ = 
k=O 
+c3 (,,,I (dn+$pk) 
?I 
+3~Yk(~k+~k-l) (2n+l)%+l+2kyk -~2,&&+~, n 2 1, 
k=l k=l 
with the initial condition 
(a2 - C3)Y1h = I + ‘Yl(2c3po - a2/30), 
The Pearson equation is written, here, as 
(+(+(a, Q + Pi 2, CL))’ + ti(X)P(% Q + Pi x7 CL) = 09 (3.6) 
d(x) = Ci=, ckxk, $J(z) = xi=, okXk, and we use the notation 
(3.1) 
(3.2) 
(3.3) 
(3.4) 
(3.5) 
Elimination of (0,,,4)(p k in equations (3.1) and (3.2) with, in this case, ) 
4(x) = x3 - 2, $~(~)=(/.-2cu-p-3)z~-p~+(l-~), 
gives 
n-1 
(p-2n-2a-p-3)%+1 =-(~-2n-2a-p-3)y,+4Crk 
k=l 
n-1 
+ 2 c (&f + P,” + pnfik - 1) - (p - 2a - P - 3)/3: + pp, - (I - CL), 
k=O 
n 2 2, 
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and then one has 
n-l 7X-l 
(p-2n-2o-p-3) Yn+l = -(P - 2n - 2o -p - 3)m + 4 c ')'k + 2 c p; 
k=l k=O 
n-1 (3.7) 
+2~~Cp,,+(zn+2(~+?)+311)~~+pPn+11-2n-l, n > 2. 
k=O 
Shifting in equation (3.7), n in n + 1 and replacing again in (3.7), we obtain, using the notation 
& = c;=, Pk, 
(F- 2n - 20- P- 5)x+2 = 27,+1+(p- 2n-2a-pi- 1)~ + 2Pn+1En -2PJL1 
+(2n+2~~+~+5-~)/3;+r -(2n+2a+p+l-cl)P~+P(Pn+l-Pn)-2, _ 7J, > 1. (3.8) 
Starting with (3.4), we get 
(P - 2n - 2o - P - 6)~,+2.&+2 = (P - 2n - 2o - P - 4)x+A+r + Pz+r - /%+I 
+37h+1(Pn+1 +&I + F%+2((n + l)P,+l + &+I)) - Cb+1(& + W) 
-((CL - 2a -P - 3)Pn+l - P)-Yn+n + ((p - 2a - P - 3)Pn - Ph+1, n 1 0. 
(3.9) 
The nonlinear system we intend to solve is then written as 
(p-2n-22Q-p-5) x+2 = 2x+1 + (p - 2n - 2a! - p + 1)~~ + 2pn+rEn 
- 2&%1+ (2n + 2a + p + 5 - ~u)Pi+~ 
-(2n+2cu+p+l-p),# 
(3.10) 
+ P&+1 - Pn) - 2, n2 1, 
(~-2~-~-5)(^(~+~~)=2(~~+~oP~+P~-l)-(~-2~-p-3)~~+p~~-(1-~), (3.11) 
(cl - 2a - p - 3)YI = -(CL - 2a - p - 3)@,2 + p/30 - (1 - CL), (3.12) 
(~-2n-2o-p-6)x+A+2 = PA+r - &+I + (2n + 20 +p + 7 - ~)~~+~p~+r 
+ (P - 2n - 2o -P - ~)cun+lPn+l 
+ (p - 2n - 2a - P)Yn+lP, 
(3.13) 
+ (2J% + P)(-h+z - x+1), n 1 0, 
(P - 2a - P - 4hlPl = PO3 - PO + y1(2Po - (II - 2a - p - 3)@0 + p) (3.14) 
In paper [3], we already solved these L-F equations for p = 1. The results obtained were (n 2 0) 
pox- p--l 
n-_-o-3 
P 
nj_& - 2n -2a - 4) + (-l)“+l(2& + 1) 
n+l = (-I) (2n + 20 + 3 - p)(2n + 2rr + 5 - p) ' 
~2 12 +1 =2(n+ a +1)(2n+ 1 -P) (4n+2cx+3-p)2 ’ 
^(z 
n 
+2 = (2n + 2)(2n + 2o + 3 - P) 
(4n + 2a: i 5 - p)2 ’ 
with p # 2n + 1, p # 2n + 2a + 3. The corresponding moments were 
Ik&+r(p) = -k&+2(p) = - fi (2i + l- P) i=. (2a + 2i + 3 - P) 
(3.15) 
(3.16) 
We will use here the same technique in the more sophisticated cases p = 2,3,4 
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4. RESULTS 
p = 2. Moments and Recurrence Coefficients 
With (2.5), (2.3), and (2.4) we have 
Mr(2)=- 1-I.L Mz,+1(2) = - 
p-1 n-1 
jJ--(r-2 I-I (2i+ 3 -p) CY+2-p’ 2=. (2cr + 2i + 5 - p) ’ 
n 2 1, 
M2P) = 
(cl - l)(Q + 4 - p) 
(p - cr - 2)(2o + 5 - p) ’ (4.1) 
(2n+cr+4-p)(p-1) n-1 (2i+3-/J) 
M2n+2(2) = (2~ + 2n + 5 - p)(p - a - 2) i=. (2a + 2i + 5 - p) ’ I-I 
n 2 1. 
Recurrence Coefficients ,&, ~~+r, n > 0 
Computing by iterations from the L-F equations: yl: ,&, 72, ,&, , the following general rep- 
resentation comes out for the recurrence coefficients: 
h=-,!(1.12( Pz,=- 
(p - l)((-Y + 1) 
(2n + a + l)(p - 2n - cx - 2) ’ n2 1, 
P 
(P + l)(a + 1) 
2n+1 = (p - 2n - a - 2)(2n + Q + 3) ’ 72 2 0, (4.2) 
Y2n+l 
(p - 2n - l)(p - 2a - 2n - 3)(2n + cr + l)(Zn + cr + 3) 
_ (2n + cr + 2 - p)2(p - 4n - 2a - 3)(~ - 4n - 2cr - 5) 
’ n 2 0, 
Y2n+2 = 4(n + ‘) 
(p - LY - 2n - 2)(~ - (Y - 2n - 4)(n + a + 2) 
(2n + o + 3)2(~ - 4n - 2a - 5)(~ - 4n - 2a - 7) 
’ n > 0. 
Wemustassumethat~#2n+1,~#2~+2n+3,~#~+2n+2,cY#-n-l,n~Oinorderto 
have regularity (m # 0, n 2 1). These explicit values of @, allow to compute the E, introduced 
before 
E __ 2n+l-p 
2n - 
2n+a+2-p’ 
E 
2n+2 
2n+1= -2n+a+3’ n 2 0. (4.3) 
The proof is done using MAPLE as in paper [3], introducing in the right-hand side of (3.10) 
and (3.13) the appropriate values of Pk, &, and Tk as given in (4.2) and recovering first the 
left-hand side of (3.10) and next the left-hand side (3.13). 
In the following cases p = 3, p = 4, we use the same technique checking again the solutions 
with MAPLE. 
p = 3. Moments and Recurrence Coefficients 
With again (2.5), (2.3), and (2.4), we get 
hf2n+1(3) = _ (3cu + 4n + g - 2p) 
(cy + 3 - 2/J) fi (2a(;;:3!!2p)l n L O, 
(4.4) 
n/r, n +2(3) = (a + 4n + 7 - 2p) (o + 3 - 2/J) fi (2i+1-p) i=. (2a + 2i + 5 - 2p) ’ 
n 1 0. 
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Recurrence Coefficients ,&, ~~+l, n 1 0 
When p > 3, it is much more easy to solve the L-F equations in terms of E, and TV, replac- 
ing /&+I by En+1 - E,. The solutions are, for n 2 0, 
E k+l = -2(n + 1) 
2~’ - (4~ + 10n + 16)~ + 3(2n + a + 3)(2n + Q + 4) 
(CL - 4n - 2a - 7) (2(n + 1)~ - (2n + Ly + 3)(2n + cr + 4)) ’ 
(2n f 1 - Jo) (3(2n + cx + 2)(2n + Q + 3) - 2P(n + (I: + 2)) 
E2n = -(4n + 2cr + 5 - p) ((2n + cy + 2)(2n + 0 + 3) - +(n + ff + 2)) ’ 
72n+l = (2n+2&+4)(2n+l -p)(n(4+2J~~~~/L~~) 
(4.5) 
n (Y 
x (n+2a+3-p+7_)(n+2cu+7-p-7_)(n+2cr+7-p+7_) 
(n+2a+5-p-7+)2(n+2a+5-p+++)2 ’ 
and for n 2 1, 
(4.6) 
(n+2a+3-~--__)2(n+2cr+3-~++_)2 ’ 
where we factorize the numerator and denominator of T,, as first degree polynomial in n intro- 
ducing 
r+ = Jp2 + (4a + 6)~ + 1, r_=&~~-(4~~+6)~+1, (4.7) 
in order to control the regularity of the y,, which happened when cr # -n - 2, 1-1 # 2n + 1, 
~#2n+20+3,(n+2a!+3-~--7_)#0, (n+2a+3-p++_)#O,(n+2a+2-p--r+)#O, 
(n + 2a + 2 - p + T+) # 0, n 2 0. 
p = 4. Moments and Recurrence Coefficients 
E 2n+1 = -2 - 2(a: + 2)$, n 2 0. 
0 
E2n = -2 + 2(a + 2)%, n 2 0. 
NN, e NN 
~2~ = DD,, n L 0, ~2~+1 = &, n 10, 
(4.8) 
with 
N, = 4(n + l)(n + cr + 3)~ - (2n + cx + 3)(2n + cr + 4)(2n + a + 5), 
D, = 4(n + l)(n + Q + 3)~ (P - 2n(2n + cr + 4)) + (2n + cr + 3)(2n + cr + 4)2(2n + cr + 5), 
N, = (2n + cy + 3)p2 - (3cr2 + (8n + 16)(r + 8n2 + 24n + 21) p 
+ (2n + Q + 2)(2n + cr + 3)(2n + ff + 4), 
D, = (4n2 + 12n + 4on + 2a2 + 10a + 12) p2 
- 48(2n + (Y + 3) (2n2 + 6n + 2cun + cy2 + 5cr + 6) p 
+ (2n -t- ff + 2)(2n + cr + 3)2(2n + cy + 4)) , 
NN, = (4n2 + 4n + 4an + 2a2 + 6~ + 4) p2 - 4(2n + a + 1) (2n2 + 2n + 2crn + cry2 + 3a + 2) ~1 
+ (2n + cu)(2n + a + 1)2(2n + a + 2) ((4n” + 12n + 4crn + 2a2 + 1OQ + 12) CL2 
- 4(2n + o + 3) (2n2 + 6n + 2crn + a2 + 50 + 6) p 
+ (2n + a + 2)(2n + cr + 3)2(2n + o + 4)) n(n + cx + 2), 
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DD, = (4n + 2cu + 3 - /~)(472 + 2a + 5 - /A) (4n(n + cx + 2)~~ - 8n(n + cy + 2)(2n + cy + 2)~ 
+ (2n + (Y + 1)(2n + a + 2)2(2n + a + 3))2, 
NN, = (2n + 1 - /~)(2n + 2a + 5 - /.L) (4n(n + a+)/~~ - 8n(2n + a + 2)(n + cr + 2)~ 
+ (2n + cx + 1)(2n + a + 2)2(2n + (Y + 3)) (4(n + l)(n + (I: + 3)$ 
- S(n + 1)(2n + a: + 4)(n + CY + 3)~ + (2n + LY + 3)(2n + a + 4)2(2n + cx + 5)) , 
DD, = (4n + 2a + 5 - /~)(4n + 2~ + 7 - PI) (2 (a” + (2n + 5)cy + 2(n + l)(n + 2) + 2) p2 
- 4(2n + CY + 3) (o” + (2n + 5)cx + 2(72 + l)(n + 2) + 2) p 
+ (2n + cr + 2)(272 + cx + 3)2(2n + cr + 4))2. 
REMARK. The recurrence coefficients corresponding to the weight ]x]-“(l - x2)*(1 + x)P on 
[-1, +l] are deduced from this work by a change of sign in the fl,, , -yn+l keeping the same value. 
5. RANDOM WALK POLYNOMIALS 
We use these new recurrence coefficients to prove, in cases p = 1 and p = 2, that pp’afl)(x; p) 
and ?p’a+2) (2; cl) are random walk and then of interest in birth and death processes [1,2]. 
The OPS (orthogonal polynomial sequence) {P,},za is a RWPS (random walk polynomial 
sequence) if and only if 
r, = A 10, “In+1 = PnQn+l > 0, n = 0, 1,2, . . . ) 
with po + TO = 1 and p, + q,, + T, = 1, n = 0, 1,2,. , pn, qn+l > 0, and T, 2 0, n = 0, 1,2,. 
[l, pp. 290-2911. 
Taking into account the previous remark, we consider the recurrence coefficients corresponding 
to the weight ]z]-“(1 - z2)“(1 + x)P on [-1, +l], p = 1,2, and a > -1, h < 1 in order to have 
P, 2 0 and ~~+r > 0, n 1 0. 
TheCasep=l 
T-0 = pc = p-1 
/.-22a-3’ 
r,+r = &+r = (-l)n+r $n-j;;-2; I ;;(;;;l;;+;t”:;) ) 
Y2n+l = 2 (n + a + l>Pn + 1 - CL) (2n + 2)(2n + 2cu + 3 - CL) 
(4n+2a+3-~)~ ’ 
Y2n+2 = (4n+2cu+5-/~)~ ’ 
(a + n + 1) 
P2n:=2(2a+4n+3-~)’ 
2n 
q2n ‘= (2~ + 4n + 1 - cl) ’ 
(2cx + 2n + 3 - j.~) 
P2n+1 ‘= (2cx + 4n + 5 - p) ’ 
(2n + 1 - p) 
q2n+1 := (2a + 4n + 3 - p). 
We easily prove that 
P2n+Qzn+Tzn=L P2n+l + 4Jln+l + ?27L+1 = 1, n 2 0. 
TheCasep=2 
To = --PO = 1-P (1 - Pcl)(Q + 1) 
0+2-/A’ rZn = -p2n = (2n + cy + 1)(2n + cy + 2 - p) ’ 
rZn+l = -P2n+1 = 
(cl + l>(a + 1) 
(2n + a + 2 - ~)(2n + 0 + 3) ’ 
Y2n+l = 
(2n+ 1 - ~)(2a + 2n + 3 - ~)(2n + a! + 1)(2n + (Y + 3) 
(2n + Q + 2 - /A)2(4n + 2cu + 3 - /L)(4n + 2a + 5 - /A) ’ 
(a + 2n + 2 - j~)(o + 2n + 4 - p)(n + (Y + 2) 
Y2n+2 = 4(n + ‘) (2n + Q + 3)2(47z + 2cx + 5 - p)(4n + 2a + 7 - fi) ’ 
nl 1, 
n 2 0, 
n 2 0, 
n 2 0. 
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(o + 2n + 1)(2cr + 2n + 3 - P) 
P2n ‘= (2~ + 4n + 3 - p)(cy + 2n + 2 - p) ’ 
(CV + 2n + 2 -P) 
q2n ‘= 2n (2~ + 4n + 3 - ~)(a + 2n + 1) ’ 
(CX -I- n + 2)(o -t- 2n + 2 -CL) 
P21L+1 ‘= 2 (2a f 4n + 5 - ~)(a + 2n + 3) ’ 
(0 + 2n + 3)(2n + 1 - p) 
q2n+1 ‘= (20~ + 4n + 5 - p)(o + 2n + 2 - p) 
We easily prove that 
P2n+q2n+TZn = 1, P2n+l + q2n+1 + 7-27x+1 = 1, n 2 0. 
REMARK. For p = 0, we refine results in [2, p. 279, formula (5.2)] with ,0 = Q + 1 and ,0 = a + 2, 
respectively. 
6. OPEN PROBLEMS 
(1) For p 2 5, it is an open problem to give explicitly the ,& and yR+r as function of n using 
the L-F equations (3.10)-(3.14) with the initial value /3e given in (2.5). 
(2) Asymptotics on n, for all p, seem to be unknown. 
1. 
2. 
3. 
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7. 
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